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Abstract

Recent work on approximate linear programming
(ALP) techniquesfor �rst-order Markov DecisionPro-
cesses(FOMDPs) representsthe value function lin-
earlyw.r.t. a setof �rst-order basisfunctionsanduses
linear programmingtechniquesto determinesuitable
weights. This approachoffers the advantagethat it
doesnot requiresimpli�cation of the �rst-order value
function, andallows oneto solve FOMDPsindepen-
dentof a speci�c domaininstantiation.In this paper,
we addressseveral questionsto enhancethe applica-
bility of this work: (1) Canwe extendthe �rst-order
ALP framework to approximatepolicy iterationandif
so, how do thesetwo algorithmscompare?(2) Can
we automaticallygeneratebasisfunctionsandevalu-
ate their impacton value function quality? (3) How
canwe decomposeintractableproblemswith univer-
sally quanti�ed rewards into tractablesubproblems?
We proposeanswersto thesequestionsalongwith a
numberof novel optimizationsandprovideacompara-
tiveempiricalevaluationonproblemsfrom theICAPS
2004ProbabilisticPlanningCompetition.

1 Intr oduction

Markov decisionprocesses(MDPs) have becomethe de
factostandardmodelfor decision-theoreticplanningprob-
lems. While classicdynamicprogrammingalgorithmsfor
MDPsrequireexplicit stateandactionenumeration,recent
techniquesfor exploiting propositionalstructurein fac-
toredMDPs[4] avoid explicit stateandactionenumeration.
While suchtechniquesfor factoredMDPshave provenef-
fective, they cannotgenerallyexploit �rst-order structure.
Yet many realisticplanningdomainsarebestrepresented
in �rst-order terms,exploiting theexistenceof domainob-
jects,relationsover theseobjects,andtheability to express
objectivesandactioneffectsusingquanti�cation.

As a result, a new class of algorithms has been intro-
ducedto explicitly handleMDPs with relational(RMDP)

and �rst-order (FOMDP) structure.1 Symbolic dy-
namic programming (SDP) [5], �r st-order value itera-
tion (FOVIA) [12, 13], and the relational Bellmanalgo-
rithm (ReBel)[14] are model-basedalgorithmsfor solv-
ing FOMDPsand RMDPs, using appropriategeneraliza-
tions of value iteration. Approximatepolicy iteration [7]
inducesrule-basedpolicies from sampledexperiencein
small-domaininstantiationsof RMDPs and generalizes
thesepoliciesto larger domains.In a similar vein, induc-
tive policy selectionusing �r st-order regression[9] uses
regressionto provide the hypothesisspaceover which a
policy is induced. Approximatelinear programming(for
RMDPs)[10] is an approximationtechniqueusing linear
programoptimizationto �nd a best-�t valuefunctionover
anumberof sampledRMDPdomaininstantiations.

A recenttechniquefor �rst-order approximatelinear pro-
gramming (FOALP) [21] in FOMDPs approximatesa
valuefunctionby a linearcombinationof �rst-order basis
functions. While FOALP incorporateselementsof sym-
bolic dynamicprogramming(SDP)[5], it usesamorecom-
pactapproximationframework andavoidstheneedfor log-
ical simpli�cation. Thisstandsin contrastwith exactvalue
iterationframeworks [5, 12, 13, 14] that prove intractable
in many casesdue to blowup of the value function rep-
resentationand the needto perform complex simpli�ca-
tions. And in contrastto approachesthat requiresampling
of grounddomains[7, 9, 10], FOALP solves a FOMDP
at the �r st-order level, thusobviating theneedfor domain
instantiation.However, FOALP is just oneof many possi-
ble approachesto linearvalueapproximationandthis begs
the questionof whetherwe cangeneralizeit to otherap-
proachessuchas �rst-order approximatepolicy iteration
(FOAPI). If so, it would be informative to obtaina com-
parative empiricalevaluationof thesealgorithms.

However, determining the most effective algorithm for
linear value-approximationis only the �rst step towards
thedevelopmentof practicalapproximationtechniquesfor

1We usethe term relational MDP to refer modelsthat allow
implicit existentialquanti�cation, and�r st-order MDP for those
with explicit existentialanduniversalquanti�cation.



FOMDPs.Weaddresstheimportantissueof automaticba-
sisfunctiongenerationby extendingregression-basedtech-
niquesoriginally proposedby Grettonand Thiebaux[9].
In addition, we addressissuesthat arise with universal
rewards—whilesymbolic dynamicprogrammingis well-
de�ned for FOMDPdomainswith universalrewards,clas-
sical �rst-order logic is insuf�cient for de�ning a com-
pactsetof basisfunctionsthatcanadequatelyapproximate
the value function in suchdomains. We proposea tech-
nique for decomposingproblemswith universal rewards
while facilitating “coordination”amongdecomposedsub-
problems.Finally, wepresenta numberof novel optimiza-
tionsthatenhancetheperformanceof FOALP andFOAPI.
We provide a comparative evaluationof thesealgorithms
on problemsfrom the ICAPS 2004 InternationalProba-
bilistic PlanningCompetition(IPPC).

2 Mark ov DecisionProcesses
We�rst review linearvalue-approximationof MDPs.

2.1 MDP Representation
An MDP consistsof: a �nite statespaceS; a �nite set
of actionsA; a transitionfunction T, with T(s;a; �) de-
noting a distribution over S for all s 2 S; a 2 A; and
a reward function R : S � A ! R. Our goal is to
�nd a policy � that maximizesthe value function, de-
�ned using the in�nite horizon, discountedreward crite-
rion: V � (s) = E � [

P 1
t =0 
 t � r t js], wherer t is a reward

obtainedat time t and0 � 
 < 1 is thediscountfactor.

For any function V over S and policy � ,
de�ne the policy backup operator B � as:
(B � V)(s) = 


P
t T(s; � (s); t)V (t). The ac-

tion backup operator B a for action a is:
(B aV)(s) = 


P
t T(s;a; t)V (t). The function

V � (s) satis�es the �x ed point relationship V � (s) =
R(s; � (s)) + (B � V � )(s). Furthermore,the Q-function
Q� , denoting the expected future discounted reward
achievedby takingactiona in states andfollowing policy
� thereafter, satis�es Q� (s;a) = R(s;a) + (B aV � )(s).
We de�ne the greedy policy w.r.t. V as follows:
� gr e(V )(s) = argmaxa R(s;a) + (B aV)(s). If � �

is the optimal policy andV � its value function, we have
the relationshipV � (s) = maxa R(s;a) + (B aV � )(s).
Letting Q� (s;a) = R(s;a) + (B aV � )(s), we also have
� � (s) = � gr e(V � )(s) = argmaxa Q� (s;a).

2.2 Linear ValueApproximation for MDPs

In a linear value function representation,we represent
V as a linear combination of k basis functions bj :
V (s) =

P k
j =1 wj bj (s). Our goal is to �nd weightsthat

approximatethe optimal valuefunction ascloselyaspos-
sible. We notethatbecausebothbackupoperatorsB � and
B a are linear operators,the backupof a linear combina-
tion of basisfunctionsis just thelinearcombinationof the

backupsof theindividualbasisfunctions.

Approximate Linear Programming: One way of �nd-
ing a good linear approximationis to cast the optimiza-
tion problemasalinearprogramthatdirectlysolvesfor the
weightsof anL 1-minimizingapproximationof theoptimal
valuefunction[6]:

Variables:w1 ; : : : ; wk

Minimize:
X

s2 S

kX

j =1

wj bj (s) (1)

Subjectto: 0 � R(s; a) +
kX

j =1

wj [(B a bj )( s) � bj (s)] ; 8a; s

While the size of the objective and the numberof con-
straintsin this LP is proportionalto the numberof states
(andthereforeexponential),recentsolutiontechniquesuse
compact,factoredbasisfunctionsand exploit the reward
andtransitionstructureof factoredMDPs[11, 22], making
it possibleto avoid generatingan exponentialnumberof
constraints(andrenderingtheentireLP compact).

ApproximatePolicy Iteration: Likewise,wecangeneral-
ize policy iterationto theapproximatecaseby calculating
successive iterationsof weightsw( i )

j thatrepresentthebest
approximationof the �x edpoint valuefunction for policy
� ( i ) at iteration i . We do this by performingthe follow-
ing two stepsateachiteration:(1) deriving thegreedypol-
icy: � ( i +1)  � gr e(

P k
j =1 w( i )

j bj (s)) and(2) usingthefol-
lowing LP to determinetheweightsfor theBellman-error-
minimizingapproximatevaluefunction:

Variables:w( i +1)
1 ; : : : ; w( i +1)

k

Minimize: � ( i +1) (2)

Subjectto: � ( i +1) �

�
�
�
�R(s; � (s)) +

kX

j =1

[w( i +1)
j (B � ( i +1)

bj )( s)]

�
kX

j =1

[w( i +1)
j bj (s)]

�
�
�
� ; 8a; s

If policy iterationconverges(i.e., if ~w( i +1) = ~w( i +1) ), then
Guestrinet al. [11] provide the following boundon the
lossof V ( i +1) w.r.t. the optimal valuefunction V � (since
theBellmanerroris boundedby theobjective � ( i +1) of the
optimalLP solutionat iterationi + 1):

kV � � V ( i +1) (s)k1 �
2
 � ( i +1)

1 � 

(3)

3 First-Order MDPs

3.1 The Situation Calculus

Thesituationcalculus[19] is a �rst-order languagefor ax-
iomatizing dynamicworlds. Its basicingredientsconsist
of actions, situations, and �uents. Actions are �rst-order
termsinvolving actionfunctionsymbols.For example,the
action of driving a truck t from city c1 to city c2 might



bedenotedby theactiontermdrive(t; c1; c2). A situation
is a �rst-order termdenotingtheoccurrenceof a sequence
of actions. Thesearerepresentedusinga binary function
symbol do: do(� ; s) denotesthe situationresultingfrom
doing action � in situations. In a logistics domain,the
situationterm do(drive(t; c2; c3); do(drive(t; c1; c2); S0))
denotesthe situation resulting from executing sequence
[drive(t; c1; c2),drive(t; c2; c3)] in S0. Relationswhose
truth valuesvary betweenstatesarecalled�uents, andare
denotedby predicatesymbolswhoselastargumentis asit-
uationterm. For example,TAt (t; paris ; s) is a relational
�uent meaningthattruck t is in paris in situations.2

A domain theory is axiomatizedin the situation calcu-
lus with four classesof axioms [19]. The most impor-
tant of theseare successorstate axioms(SSAs). There
is one SSA for each�uent F (~x; s), with syntacticform
F (~x; do(a; s)) � � F (~x; a; s) where� F (~x; a; s) is a for-
mulawith freevariablesamonga;s;~x. Thesecharacterize
thetruthvaluesof the�uent F in thenext situationdo(a; s)
in termsof the currentsituations, andembodya solution
to theframeproblemfor deterministicactions[19].

Theregressionof a formula throughanactiona is a for-
mula  0 that holdsprior to a beingperformediff  holds
aftera. Wereferthereaderto [5, 21] for aformalde�nition
anddiscussionof the Regr (�) operator. Herewe simply
notethat it is de�ned compositionallyandthat regression
of a formula reducesto the regressionof all �uents in a
way thatis naturallysupportedby theformatof theSSAs.

3.2 CaseRepresentationand Operators

Prior to generalizingthesituationcalculusto permita �rst-
order representationof MDPs, we introducea casenota-
tion to allow �rst-order speci�cationsof therewards,prob-
abilities,andvaluesrequiredfor FOMDPs(see[5, 21] for
formaldetails):

t =
� 1 : t1

: : :
� n : tn

�
W

i � n f � i ^ t = t i g

Herethe � i arestateformulae(whosesituationtermdoes
not usedo) andthe t i areterms. Often the t i will becon-
stantsandthe � i will partition statespace.For example,
usingDst(t; c) to indicatethedestinationof truck t is city
c, wemayrepresentour rewardfunctionrCase(s;a) as:

rCase(s; a) =
a = noop^ 8t; c TAt (t; c;s) � Dst (t; c) : 10
a 6= noop^ 8t; c TAt (t; c;s) � Dst (t; c) : 9
9t; c TAt (t; c;s) ^ : Dst (t; c) : 0

Here,we receive a rewardof 10 (9) if all trucksareat their
destinationandanoopis (not)performed.In all othercases
we receive 0 reward. We usevCase(s) to representvalue
functionsin exactly thesamemanner.

2In contrastto states,situationsre�ect the entire history of
action occurrences.However, the speci�cation of dynamicsis
Markovian andallows recovery of statepropertiesfrom situation
terms.

Intuitively, to performanoperationontwo casestatements,
wesimplytakethecross-productof theirpartitionsandper-
form the correspondingoperationon the resultingpaired
partitions.Lettingeach� i and j denotegeneric�rst-order
formulae,we canperformthe “cross-sum”� of two case
statementsin thefollowing manner:

� 1 : 10
� 2 : 20 �

 1 : 1
 2 : 2 =

� 1 ^  1 : 11
� 1 ^  2 : 12
� 2 ^  1 : 21
� 2 ^  2 : 22

Likewise, we canperform	 and
 by, respectively, sub-
tracting or multiplying partition values (as opposedto
addingthem)to obtaintheresult.Somepartitionsresulting
from theapplicationof the � , 	 , and
 operatorsmaybe
inconsistent;we simply discardsuchpartitionssincethey
canobviouslynever correspondto any world state.

We de�ne four additional operatorson cases[5, 21]:
Regr (�), 9~x, max, and [ . RegressionRegr (C) andex-
istentialquanti�cation9~xC canbothbeapplieddirectly to
the individual partition formulae� i of caseC. The max-
imization operationmaxC sortsthe partitionsof caseC
from largestto smallest,renderingthemdisjoint in a man-
ner thatensureseachportionof statespaceis assignedthe
highestvalue.TheunionoperationC1 [ C2 denotesasim-
pleunionof thecasepartitionsfrom casesC1 andC2.

3.3 StochasticActions and the Situation Calculus

To generalizethe classicalsituationcalculusto stochastic
actionsrequiredby FOMDPs, we decomposestochastic
“agent” actionsinto a collectionof deterministicactions,
eachcorrespondingto apossibleoutcomeof thestochastic
action. We thenspecifya distribution accordingto which
“nature” may choosea deterministicaction from this set
whenever that stochasticaction is executed. As a conse-
quencewe needonly formulateSSAsusingthedetermin-
istic nature's choices[1, 5], thusobviating the needfor a
specialtreatmentof stochasticactionsin SSAs.

Letting A(~x) be a stochasticactionwith nature's choices
(i.e., deterministicactions)n1(~x); � � � ; nk (~x), we repre-
sentthe distribution over n i (~x) given A(~x) usingthe no-
tationpCase(n j (~x); A(~x); s). Continuingour logisticsex-
ample,if theeffect of driving a truck dependson whether
it is snowing in the city of origin, then we decompose
the stochasticdrive action into two deterministicactions
driveS anddriveF , denotingsuccessandfailure, respec-
tively, andspecifyadistributionovernature's choice:

pCase( driveS(t; c1 ; c2);
drive (t; c1 ; c2); s) =

snow(c1 ; s) : 0:6
: snow(c1 ; s) : 0:9

pCase( driveF (t; c1 ; c2);
drive (t; c1 ; c2); s) =

snow(c1 ; s) : 0:4
: snow(c1 ; s) : 0:1

Next, we de�ne the SSAsin termsof thesedeterministic



choices.3 Assumingthat nature's choiceof deterministic
actionsfor stochasticactiondrive(t; c1; c2) decomposesas
above,wecanexpressanSSAfor TAt :

TAt (t; c;do(a; s)) �
9c1 TAt (t; c1 ; s) ^ a = driveS(t; c1 ; c)_
TAt (t; c;s) ^ : (9c2 c 6= c2 ^ a = driveS(t; c;c2))

Intuitively, theonly actionsthatcanchangethe�uent TAt
aresuccessfuldrive actions. If a successfuldrive action
doesnotoccurthenthe�uent remainsunchanged.

3.4 SymbolicDynamic Programming

Backingup a value function vCase(s) throughan action
A(~x) yieldsacasestatementcontainingthelogicaldescrip-
tion of statesthat would give rise to vCase(s) after do-
ing actionA(~x), aswell asthevaluesthusobtained(i.e.,a
Q(s;a) functionin classicalMDPs).Therearein factthree
typesof backupsthatwecanperform.The�rst, B A (~x ) , re-
gressesa valuefunction throughanactionandproducesa
casestatementwith freevariablesfor the actionparame-
ters.Thesecond,B A , existentiallyquanti�esover thefree
variables~x in B A (~x ) . Thethird, B A

max appliesthemaxop-
eratorto B A which resultsin a casedescriptionof the re-
gressedvaluefunction indicatingthebestvaluethatcould
be achieved by executingany instantiationof A(~x) in the
pre-actionstate. To de�ne the backupoperators,we �rst
de�ne a slightly modi�ed versionof the �r st-order deci-
siontheoretic regression(FODTR)operator[5]:

F OD TR(vCase(s); A(~x)) =

 [� j f pCase(n j (~x); s) 
 Regr (vCase(do(n j (~x); s))) g]

Wenext next de�ne thethreebackupoperators:

B A (~x ) (vCase(s)) = rCase(s; a) � FODTR (vCase(s); A(~x))
(4)

B A (vCase(s)) = 9~x B A (~x ) (vCase(s)) (5)

B A
max (vCase(s)) = max(B A (vCase(s))) (6)

Previouswork [21] providesexamplesof B A (~x ) andB A
max .

4 Linear ValueApproximation for FOMDPs

4.1 ValueFunction Representation

Following [21], werepresentavaluefunctionasaweighted
sum of k �r st-order basis functions, denotedbCasei (s),
eachcontaininga smallnumberof formulaethatprovide a
�rst-order abstractionof statespace:

vCase(s) = � k
i =1 wi � bCasei (s) (7)

Using this format, we canoften achieve a reasonableap-
proximationof the exact valuefunction by exploiting the

3SSAscanoftenbecompiledfrom “effect” axiomsthatspec-
ify actioneffects [19] and effect axiomscan be compiledfrom
PPDDLprobabilisticplanningdomainspeci�cations[25].

additive structureinherent in many real-world problems
(e.g.,additive rewardfunctionsor problemswith indepen-
dentsubgoals).Unlikeexactsolutionmethodswherevalue
functionscangrow exponentiallyin sizeduring the solu-
tion processandmustbe logically simpli�ed [5], herewe
maintainthevaluefunctionin acompactform thatrequires
nosimpli�cation, justdiscoveryof goodweights.

We caneasilyapplythebackupoperatorB A to this repre-
sentationandobtainsomesimpli�cation asa resultof the
structurein Eq. 7. We simply substitutethe value func-
tion expressionin Eq. 7 into the de�nition B A (~x ) (Eq. 4).
Exploiting thepropertiesof theRegr and� operators,we
�nd thatthebackupB A (~x ) of a linearcombinationof basis
functionsis simply the linear combinationof the FODTR
of eachbasisfunction:

B A (~x ) (� i wi bCasei (s)) = (8)
rCase(s; a) � (� i wi FODTR (bCasei (s); A(~x)))

Given the de�nition of B A (~x ) for a linear combinationof
basisfunctions,correspondingde�nitions of B A andB A

max
follow directly from Eqs.5 and6. It is importantto note
thatduringtheapplicationof theseoperators,weneverex-
plicitly groundstatesor actions,in effect achieving both
stateandactionspaceabstraction.

4.2 First-order ApproximateLinear Programming

Now we have all of thebuilding blocksrequiredto de�ne
�rst-order approximatelinearprogramming(FOALP) and
�rst-order approximatepolicy iteration(FOAPI). For now
we simply focuson the algorithmde�nitions; we will ad-
dressef�cient implementationin asubsequentsection.

FOALP wasintroducedby SannerandBoutilier [21]. Here
we presenta linear program (LP) with �rst-order con-
straintsthatgeneralizesEq.1 from MDPsto FOMDPs:

Variables:wi ; 8i � k

Minimize:
kX

i =1

wi

X

h� j ;t j i2 bCase i

t j

jbCasei j

Subjectto: 0 � B A
max (� k

i =1 wi � bCasei (s))

	 (� k
i =1 wi � bCasei (s)) ; 8 A; s (9)

Theobjective of this LP requiressomeexplanation.If we
wereto directly generalizetheobjective for MDPs to that
of FOMDPs,the objective would be ill-de�ned (it would
sumover in�nitely many situations). To remedythis, we
supposethateachbasisfunctionpartitionis chosenbecause
it representsapotentiallyusefulpartitioningof statespace,
andthussumover eachcasepartition.

This LP also containsa �rst-order speci�cation of con-
straints,which somewhatcomplicatesthesolution.Before
tackling this, we introducea general�r st-order LP format



thatwecanreusefor FOAPI:

Variables:v1 ; : : : ; vk ;
Minimize: f (v1 ; : : : ; vk )
Subjectto: 0 � case1;1(s) � : : : � case1;n (s) ; 8 s (10)

:
0 � casem; 1(s) � : : : � casem;n (s) ; 8 s

The variablesand objective are as de�ned in a typical
LP, the main differencebeingthe form of the constraints.
While therearean in�nite numberof constraints(i.e., one
for every situations), we canwork aroundthis sincecase
statementsare�nite. Sincethevaluet i for eachcasepar-
tition h� i (s); t i i is piecewise constantover all situations
satisfying� i (s), we canexplicitly sumover the casei (s)
statementsin eachconstraintto yield a singlecasestate-
ment. For this “�attened” casestatement,we can eas-
ily verify that the constraintholdsin the �nite numberof
piecewiseconstantpartitionsof thestatespace.However,
generatingthe constraintsfor each“cross-sum”canyield
anexponentialnumberof constraints.Fortunately, we can
generalizeconstraintgenerationtechniques[22] to avoid
generatingall constraints.We refer to [21] for furtherde-
tails. Taken together, thesetechniquesyield a practical
FOALP solutionto FOMDPs.

4.3 First-order ApproximatePolicy Iteration

We now turn to the�rst contribution of this paper, a novel
generalizationof approximatepolicy iteration from the
classicalMDP case(Eq.1) to FOMDPs.

Policy iterationrequiresa suitable�rst-order policy repre-
sentation.GivenavaluefunctionvCase(s) it is easyto de-
riveagreedypolicy from it. Assumingwehavem parame-
terizedactionsf A1(~x); : : : ; Am (~x)g, we canrepresentthe
policy � Case(s) as:

� Case(s) = max(
[

i =1 ::: m

B A i (vCase(s))) (11)

Here, B A i (vCase(s)) representsthe valuesthat can be
achievedby any instantiationof theactionA i (~x). Themax
caseoperatorenforcesthateachportionof pre-actionstate
spaceis assignedthe maximal Q-function partition. For
bookkeepingpurposes,werequirethateachpartitionh�; t i
in B A i (vCase(s)) maintaina mappingto the action A i

thatgeneratedit, which we denoteash�; t i ! A i . Then,
givena particularworld states, we canevaluate� Case(s)
to determinewhich policy partition h�; t i ! A i is satis-
�ed in s andthus,which actionA i shouldbe applied. If
we retrieve the bindingsof the existentially quanti�ed ac-
tion variablesin � (recall thatB A i existentiallyquanti�es
these),wecaneasilydeterminetheparameterizationof ac-
tion A i thatshouldapplyaccordingto thepolicy.

For our algorithms, it is useful to de�ne a set of case
statementsfor eachactionA i that is satis�ed only in the
world stateswhere A i should be applied according to

� Case(s). Consequently, we de�ne an action restricted
policy � CaseA i (s) asfollows:

� CaseA i (s) = fh�; t ijh�; t i 2 � Case(s) andh�; t i ! A i g

Following theapproachto approximatepolicy iterationfor
factoredMDPs provided by Guestrinet al. [11], we can
generalizeapproximatepolicy iteration to the �rst-order
caseby calculatingsuccessive iterationsof weightsw( i )

j
that representthe best approximationof the �x ed point
valuefunctionfor policy � Case( i ) (s) at iterationi . We do
thisbyperformingthefollowing twostepsateveryiteration
i : (1)Obtainingthepolicy � Case(s) fromthecurrentvalue
functionandweights(

P k
j =1 w( i )

j bCasej (s)) usingEq.11,
and(2)solvingthefollowingLP in theformatof Eq.10that
determinesthe weights of the Bellman-error-minimizing
approximatevaluefunctionfor policy � Case(s):

Variables:w( i +1)
1 ; : : : ; w( i +1)

k

Minimize: � ( i +1) (12)

Subjectto: � ( i +1) �
�
�
� � CaseA (s) � � k

j =1 [w( i +1)
j bCasej (s)]

	 � k
j =1 w( i +1)

j (B A
max bCasej )( s)

�
�
� ; 8A; s

We've reachedconvergenceif � ( i +1) = � ( i ) . If thepolicy
iterationconverges,thenwe notethat the lossboundsfor
API (Eq.3) generalizedirectly to the�rst-order case.

5 GreedyBasisFunction Generation

The useof linear approximationsrequiresa good set of
basisfunctionsthat spana spacethat includesa goodap-
proximationto the valuefunction. While somework has
addressedthe issueof basisfunction generation[18, 16],
nonehasbeenappliedto RMDPsor FOMDPs. We con-
sidera basisfunctiongenerationmethodthatdraws on the
work of GrettonandThiebaux[9], whouseinductive logic
programming(ILP) techniquesto constructa value func-
tion from sampledexperience. Speci�cally, they usere-
gressionsof the reward as candidatebuilding blocks for
ILP-basedconstructionof the value function. This tech-
niquehasallowed themto generatefully or k-stage-to-go
optimalpoliciesfor a rangeof BlocksWorld problems.

We leveragea similar approachfor generatingcandidate
basisfunctionsfor usein the FOALP or FOAPI solution
techniques.Fig. 1 providesanoverview of our basisfunc-
tiongenerationalgorithm.Themotivationfor thisapproach
is as follows: if someportion of statespace� hasvalue
v > � in anexisting approximatevaluefunction for some
nontrivial threshold� , thenthissuggeststhatstatesthatcan
reachthis region (i.e., foundby Regr(� ) throughsomeac-
tion) shouldalso have reasonablevalue. However, since
we have alreadyassignedvalueto � , we want thenew ba-
sisfunctionto focuson theareaof statespacenot covered
by � sowenegateit andconjoinit with Regr (� ). This“or-
thogonality”of newly generatedbasisfunctionsalsoallows
for computationoptimizations(seeSec.7).



Input: A �rst-order MDP speci�cation,a valuethreshold� , an
iterationlimit n, andasolutionmethod(FOALP or FOAPI).
Output: Weights wi and basis functions bCasei (s) for
an approximatedvalue function containingall regressionsof
rCase(s) having valueat leastvalue� .

1. Begin with the reward rCase(s) as the initial candidate
basisfunction. (We note that rCase(s) canbe a sumof
cases,sowecanstartwith many basisfunctions.)

2. For everybasisfunctionpartitionh� i (s); t i i andactionA i ,
derive : � i ^ 9~x Regr (� i (do(A i (~x); s))) , addinga new
basisfunction consistingof it and its negation having re-
spectivevalues1 and0. (Redundantbasisfunctionsarenot
inserted.)

3. Solve for theweightswi usingFOALP or FOAPI.

4. If theweightof any basisfunction is below a threshold� ,
discardthepartitionandensurethatit is not regeneratedin
thefuture.

5. If new basisfunctionsweregeneratedon this stepandthe
iterationlimit n hasnotbeenreached,returnto step2.

Figure1: Thebasisfunctiongenerationalgorithm.

6 Handling UniversalRewards

In �rst-order domains,we are often facedwith univer-
sal reward expressionsthat assignsomepositive value to
the world statessatisfyinga formula of the generalform
8y � (y; s), and 0 otherwise. For instance,in our logis-
ticsexamplea rewardmaybegivenfor having all trucksat
their assigneddestination:8t; cDst(t; c) ! TAt (t; c;s).
One dif�culty with such rewards is that our basisfunc-
tion approachprovidesapiecewiseconstantapproximation
to the value function (i.e., eachbasisfunction aggregates
statespaceinto regionsof equalvalue,with thelinearcom-
binationsimply providing constantvaluesover somewhat
smaller regions). However, the value function for prob-
lemswith universalrewardstypically depends(often in a
linear or exponentialway) on the numberof domainob-
jectsof interest. For instance,in our example,valueat a
statedependson the numberof trucksnot at their proper
destination(sincethat impactsthe time it will take to ob-
tain thereward). Unfortunately, this cannotberepresented
conciselyusingthe piecewise constantdecompositionof-
feredby �rst-order basisfunctions. As notedby Gretton
andThiebaux[9], effectively handlinguniversallyquanti-
�ed rewardsis oneof themostpressingissuesin theprac-
tical solutionof FOMDPs.

To addressthis problemwe adopta decompositionalap-
proach,motivated in part by techniquesfor additive re-
wardsin MDPs [3, 23, 17, 18]. Intuitively, given a goal-
orientedrewardthatassignspositiverewardif 8yG(y; s) is
satis�ed, andzerootherwise,we candecomposeit into a
setof groundgoalsf G( ~y1); : : : ; G( ~yn )g for all possible~yj

in a grounddomainof interest. If we reacha statewhere
all groundgoalsaretrue,thenwehavesatis�ed8yG(y; s).

Of course,ourmethodssolveFOMDPswithoutknowledge

Input: (1) For eachactiontemplateA i (~x), a setof Q-functions
QG ( ~y � ) (A i (~x); s) for aspeci�c groundinstantiation~y � of agoal
G. (2) A set of n unsatis�ed goals f G( ~y1); : : : ; G( ~yn ))g to
achieve. (3) A groundstates to �nd thebestactionfor.
Output: The optimal groundactionA(~x � ) to executew.r.t. to
thegivenstateandadditive decompositionof unsatis�edgoals:
A(~x � ) = argmaxi; ~x

P n
j =1 QG ( ~y j ) (A i (~x); s)

1. For eachaction templateA i (~x) and goal G( ~yj ), replace
all occurrencesof ~y � in QG ( ~y � ) (A i (~x); s) with ~yj to ob-
tain a set of goal-speci�c Q-functions for each A i (~x):
f QG ( ~y 1 ) (A i (~x); s); : : : ; QG ( ~y n ) (A i (~x); s)g.

2. Initialize an emptyhashtableh whoseentriesA(~x) ! v
mapgroundactionsA(~x) to their correspondingvaluev.

3. For j = 1 : : : n do:
For all A i andcasepartitionsp in QG ( ~y j ) (A i (~x); s):
� NOTE: ByconstructionfromtheB A operator, a case

partition p for a Q-function QG ( ~y j ) (A i (~x); s) has
the format h9~x � (x) : t i where we obtain the value
t whenA i (~x) is performedif thegroundbinding~x is
onesatisfying9~x � (x).

� For eachgroundbinding~x satisfying9x � (x):
– If A(x) ! v is alreadyin h then: updateh to

containA(x) ! (v + t
n ).

– Else:updateh to containA(x) ! t
n ).

Figure2: Policy evaluationalgorithmfor universalrewards.

of thespeci�c domain,sothesetof groundgoalsthatwill
befacedat run-timeis unknown. Soin theof�ine solution
of theMDP we assumea a genericgroundgoalG(~y� ) for
a “generic” objectvector~y� . It is easyto constructan in-
stanceof therewardfunctionrCase(s) for thissinglegoal,
andsolve for this simpli�ed genericgoalusingFOALP or
FOAPI. This producesa valuefunctionandpolicy thatas-
sumesthat~y� is theonly objectvectorof interest(i.e.,satis-
fying relevanttypeconstraintsandpreconditions)in thedo-
main.Fromthis,wecanalsoderivetheoptimalQ-function
for the simpli�ed “generic” domain(and action template
A i (~x)): QG(~y � ) (A i (~x); s) = B A i (vCase(s)) .4 Intuitively,
given a groundstates, the optimal actionfor this generic
goal canbe determinedby �nding the groundA i (~x � ) for
thiss with maxQ-value.

With the solution (i.e., optimal Q-function) of a generic
goal FOMDP in hand,we addressthe online problemof
action selectionfor a speci�c domain instantiation. As-
sume a set of ground goals f G( ~y1); : : : ; G( ~yn )g corre-
spondingto a speci�c domaingiven at run-time. If we
assumethat (typed)domainobjectsaretreateduniformly
in the uninstantiatedFOMDP, as is the casein many lo-
gistics and planning problems, then we obtain the Q-
functionfor any goalG( ~yj ) by replacingall groundterms
~y� with therespective terms~yj in QG(~y � ) (A i (~x); s) to ob-

4SincetheB A operatorcanoftenretainmuchof theadditive
structurein thelinearapproximationof vCase(s) [21], represen-
tationandcomputationwith thisQ-functionis veryef�cient.



tainQG( ~y j ) (A i (~x); s).

Action selectionrequires�nding anactionthatmaximizes
valuew.r.t. theoriginaluniversalreward.Following [3, 17],
we do this by treating the sum of the Q-valuesof any
action in the subgoalMDPs as a measureof its Q-value
in the joint (original) MDP. Speci�cally, we assumethat
eachgoal contributesuniformly and additively to the re-
ward, so the Q-functionfor an entiresetof groundgoals
f G( ~y1); : : : ; G( ~yn )g determinedby our domain instanti-
ation is just

P n
j =1

1
n QG( ~y j ) (A i (~x); s). Action selection

(at run-time) in any groundstateis realizedby choosing
thatactionwith maximumjoint Q-value.Naturally, we do
not want to explicitly createthe joint Q-function,but in-
steadusean ef�cient scoringtechniquethat evaluatespo-
tentially usefulactionsby iteratingthroughthe individual
Q-functionsasdescribedin Fig. 2. While this additive and
uniform decompositionmaynot beappropriatefor all do-
mainswith goal-orienteduniversalrewards,wehavefound
it to be highly effective for the two domainsexaminedin
thispaper. And while thisapproachcanonly currentlyhan-
dlerewardswith universalquanti�ers,thisre�ects theform
of many planningproblems.Nonetheless,therearepoten-
tial extensionsof this techniquefor morecomplex univer-
salrewards,thegeneralquestionbeinghow to assigncredit
amongtheconstituentsof sucha reward.

7 Optimizations

Following are a few novel additional optimizationsthat
provided substantialperformanceenhancementsof our
FOALP andFOAPI implementations.First, andmostim-
portantly, thestyleof generatingorthogonalbasisfunctions
in Fig. 1 hassomevery nicecomputationalpropertiesthat
we canexploit. In short,whensearchingfor themaximum
partition amongn disjoint basisfunctions,oneneedonly
considertaking1 of n true partitions(eachbasisfunction
has� and : � ) settingthe othern � 1 basisfunctionsto
its falsepartition. Clearlyany othersettingwould resultin
an inconsistentstatedueto the disjointnessof the n basis
functions. Consequently, the searchfor a consistentstate
reducesfrom an exponentialcomplexity of 2n combina-
tionsdown to a polynomialcomplexity of n combinations
(trying eachtruepartitionof abasisfunctionin turn).

Second,one can replacethe B A
max operatorsin the con-

straintsfor FOALP andFOAPI with themuchsimplerB A

operatorthat doesnot introducethe blowup that occurs
from enforcingdisjointnessin the B A

max operator. Since
we know that we only use the constraintswhen search-
ing for a max (i.e., duringconstraintgeneration[21]), the
max overB A will implicitly enforcethemax constraintof
B A

max . While weomit aproof, it is straightforwardto show
that the maximal value and thereforethe maximally vio-
latedconstraintthat we needduring constraintgeneration
is thesamewhetherweuseB A

max or B A .

Third,while �rst-order simpli�cation techniquesarenotre-
quiredto performFOALP or FOAPI, somesimpli�cation
cansaveasubstantialamountof theoremproving time. We
useda simpleBDD-basedsimpli�cation techniqueasfol-
lows: Given a �rst-order formula, we rearrangeandpush
quanti�ers down into subformulaeasfar aspossible.This
exposesa propositionalsuper-structure(very commonin
FOMDP problems)that canbe mappedinto a BDD. This
BDD structureis useful becauseit reducespropositional
redundancy in theformularepresentationby removing du-
plicateor inconsistentclosed�rst-order formulaethat are
repeatedfrequentlydueto thenaiveconjunctionof thecase
operators(mainly � , 	 , and
 ).

8 Empirical Results

We appliedFOALP andFOAPI to theBoxWorld logistics
andBlocksWorld probabilisticplanningproblemsfrom the
ICAPS 2004IPPC[15]. In the Box World logisticsprob-
lem, the domainobjectsconsistsof trucks,planes,boxes,
andcities. The numberof boxesandcities variesin each
problem instance,but therewere always 5 trucks and 5
planes.Trucksandplanesarerestrictedto particularroutes
betweencities in a problem-speci�cmanner. The goal in
BoxWorld is to deliver all boxesto their destinationcities,
despitethe fact that trucksandplanesmay stochastically
fail to reachtheirspeci�eddestination.BlocksWorld is just
a stochasticversionof the standarddomainwhereblocks
aremovedbetweenthe tableandotherstacksof blocksto
form a goalcon�guration. In this version,a block maybe
droppedwhile picking it upor placingit onastack.

We usedtheVampire[20] theoremprover andtheCPLEX
9.0 LP solver in our FOALP andFOAPI implementations
andappliedthe basisfunction generationalgorithmgiven
in Fig. 1 to a FOMDPversionof thesedomains.It is im-
portant to note that we generateour solution to the Box
World and Blocks World domainsof�ine. Sinceeachof
thesedomainshasa universallyquaniti�ed reward,our of-
�ine solution is for a genericinstantiationof this reward.
Thenat evaluationtime whenwe aregivenanactualprob-
lem instance(i.e., a setof domainobjectsandinitial state
con�guration), we decomposethe valuefunction for each
groundinstantiationof therewardandexecutea policy us-
ing the approachoutlined in Sec.6. We do not enhance
or otherwisemodify our of�ine solutiononcegivenactual
domaininformation(this is anavenuefor futureresearch).

We setan iterationlimit of 7 in our of�ine basisfunction
generationalgorithmandrecordedtherunningtimesperit-
erationof FOALP andFOAPI; theseareshown in Fig. 3.
Thereappearsto beexponentialgrowth in therunningtime
asthenumberof basisfunctionsincreases;this re�ects the
resultsof previouswork [21]. However, we notethatif we
werenot usingthe “orthogonal”basisfunctiongeneration
techniquedescribedin Sec.5 andassociatedoptimizations
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Figure3: FOAPI andFOALP solutiontimesfor theBox World
and Blocks World Domainsvs. the iteration of basisfunction
generation.

in Sec.7,wewouldnotgetpastiteration2 of basisfunction
generationdueto the prohibitive amountof time required
by FOALP and FOAPI (> 10 hours). Consequently, we
canconcludethat our basisfunction generationalgorithm
andoptimizationshave substantiallyincreasedthenumber
of basisfunctionsfor whichFOALP andFOAPI remainvi-
ablesolutionoptions.In termsof a comparisonof therun-
ning timesof FOALP andFOAPI, it is apparentthateach
performsbetterin differentsettings.In BoxWorld, FOAPI
takesfewer iterationsof constraintgenerationthanFOALP
andthusis slightly faster. In BlocksWorld, thepoliciestend
to grow morequickly in sizebecausetheVampiretheorem
prover hasdif�culty refuting inconsistentpartitionson ac-
countof theuseof equalityin this FOMDPdomain. This
impactsnot only the solutiontime of FOAPI, but also its
performanceaswewill seenext.

We applied the policies generatedby the FOALP and
FOAPI versionsof our basisfunction function generation
algorithmto threeBoxWorld and� ve BlocksWorld prob-
lem instancesfrom the ICAPS 2004 IPC. We compared
ourplanningsystemto thethreeothertop-performingplan-
nerson thesedomains:G2 is a temporallogic plannerwith
human-codedcontrolknowledge[8]; P is anRTDP-based
planner[2]; J1 is a human-codedplanner, J2 is an induc-
tive policy iterationplanner, andJ3 is a deterministicre-
planner[24]. Resultsfor all of theseplannersaregiven in
Table1.

Wemakefour overallobservations:(1) FOALP andFOAPI
producethesamebasisfunctionweightsandthereforethe
samepoliciesfor theBoxWorld domain.(2) We only used
7 iterationsof basisfunctiongenerationandthiseffectively
limits the lookaheadhorizon of our basisfunctions to 7
steps.It appearsthata lookaheadof 8 is requiredto prop-
erly planin the�nal BoxWorld probleminstanceandthus
bothFOALP andFOAPI failedon this instance.5 (3) Due

5Wecouldnotincreasethenumberof iterationsto 8 to testthis

Problem Prob. Planning System FO–
G2 P J1 J2 J3 ALP API

bxc10b5 438 184 419 376 425 433 433
bxc10b10 376 0 317 0 346 366 366
bxc10b15 0 – 129 0 279 0 0

bwb5 495 494 494 495 494 494 490
bwb11 479 466 480 480 481 480 0
bwb15 468 397 469 468 0 470 0
bwb18 352 – 462 0 0 464 0
bwb21 286 – 456 455 459 456 0

Table 1: Cumulative reward of 5 planning systemsand the
FOALP and FOAPI (100 run avg.) on the Box World and
Blocks World probabilisticplanningproblemsfrom the ICAPS
2004 IPPC [15] (– indicatesno data). Box World problems
are indicatedby a pre�x of bx and followed by the numberof
cities c and boxes b usedin the domain. Blocks World prob-
lemsare indicatedby a pre�x of bw and followed by the num-
ber of blocks b usedin the domain. All domainsare available
from http://www.cs.rutgers.edu/˜mlittman/topics/ipc04-pt. See
Section8 for anexplanationof thedomainsandplanners.

to aforementionedproblemswith theinability of FOAPI to
detectinconsistency of policy partitionsin theBlocksWorld
domain, its performanceis severely degradedon these
probleminstancesin comparisonto FOALP. FOALP does
notuseapolicy representationandthusdoesnotencounter
theseproblems.(4) It is importantto notethat in compar-
ing FOALP andFOAPI to the otherplanners,G2 andJ1
usedhand-codedcontrolknowledgeandJ3wasa very ef-
�cient search-baseddeterministicplannerthathadasignif-
icantadvantagebecausetheprobabilitiesin thesedomains
wereinconsequential.Theonly fully autonomousstochas-
tic plannerswereP andJ2,andFOALP performscompa-
rably to bothof theseplannersandoutperformsthemby a
considerablemargin onanumberof probleminstances.

9 Concluding Remarks

Wehave introducedanovel algorithmfor performing�rst-
order approximatepolicy iteration, as well as new ba-
sis function generationtechniquesthat allow FOALP and
FOAPI to ef�ciently exploit their structure,leading to a
substantialincreasein the numberof basisfunctionsthat
thesealgorithmscan handle. Additionally, we have ad-
dressedthe intractabilityof solvingproblemswith univer-
salrewardsby automaticallydecomposingthetaskinto in-
dependentsubgoalsthatcanbesolvedandthenrecombined
to determineapolicy thatfacilitates“coordination”among
the subgoals. Taken together, thesetechniqueshave en-
abledus to evaluateFOALP and FOAPI solutionsto lo-
gisticsproblemsfrom the ICAPS2004ProbabilisticPlan-
ningCompetition.Empiricallywehaveshown thatFOALP
performsbetterthanotherautonomousstochasticplanners
on theseproblemsandoutperformsFOAPI whenthe pol-

hypothesisdueto memoryconstraints.We arecurrentlyworking
onadditionaloptimizationsto remedythisproblem.



icy representationrequires�rst-order logic constructsthat
posedif�culties for a state-of-the-arttheoremprover. Our
approachis competitive on thesedomainsevenwith plan-
nersthatexploit (hand-coded)domain-speci�cknowledge.

Onepressingissuefor futurework is to extendour reward
decompositiontechniquesto a wider rangeof universally
quanti�ed formulae. In addition, we note that many do-
mainsincluding the Box World logistics domaincovered
in this paperhave anunderlyingtopologicalstructurethat
is not exploited in currentsolutionalgorithms. The abil-
ity to directly exploit topologicalstructurein the problem
representationandbasisfunctionformulationcouldpoten-
tially help with the limited-horizonlookaheadissuesthat
we experiencedon Box World. The ability to exploit ad-
ditional reward anddomainstructurewill help pushfully
lifted andautomated�r st-order solutiontechniquesfurther
into probabilisticplanningdomainsthat previously could
notbehandled.
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